A REMOVAL LEMMA FOR LINEAR CONFIGURATIONS IN 
SUBSETS OF THE CIRCLE 
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Abstract. We obtain a removal lemma for systems of linear equations over the circle 
group, using a similar result for finite fields due to Krai, Serra and Vena, and we discuss 
some applications. 



1. Introduction 

If a subset of an abelian group contains very few linear configurations of some given 
type, then one needs to delete only a few elements from the set in order to remove 
all such configurations. This is the moral of so-called arithmetic removal lemmas. For 
example, if A is a subset of a cyclic group Zat = Z/iVZ containing only SN"^ of its 
own sums (i.e. solutions to ai + 02 = then one can make A completely sum-free by 
deleting only 6'N of its elements, where S' depends only on S, and 5' — )■ as 5 — > 0. In [5] 
Green proved a result of this type dealing with the removal of solutions to a single linear 
equation over an arbitrary finite abelian group. Green raised the question of whether 
similar results held for systems of equations, noting that the Fourier analytic methods 
employed in [S] did not extend to give this. Shapira [12] and (independently) Krai, 
Serra and Vena [S] used hypergraph removal results to obtain the following extension, 
dealing with systems of linear equations over finite fields: 

Theorem 1.1. Let r < m be positive integers and let e > 0. There exists 6 > 
such that the following holds. Let ¥ be the finite field of order q, let L be an r x m 
matrix with coefficients in F of rank r over ¥, and suppose Ai, . . . ,Am C F satisfy 
ExGkerL ^Aii^i) ■ ■ ■ l^^(xm) < Then thcrc are sets Ei, . . . , Em C ¥ of cardinality at 
most eq such that {Ai \ Ei) x ■ ■ ■ x (Am \ Em) H ker L = 0. 



Our aim here is to obtain a continuous analogue of Theorem II. replacing finite fields 
with the circle group T = M/Z. Previous extensions of discrete additive-combinatorial 
results to the latter setting include the analogues of the Cauchy-Davenport inequality 
obtained by Raikov [TO] and Macbeath [9] — see the excellent notes [11] of Ruzsa for a 
more detailed account of this topic — and Lev's work [8] on sum-free sets in T. 

To state our main result let us set up some notation. For any compact abelian group 
G we denote the normalized Haar measure on G by /ig- We denote the closed subgroup 
{x G : Lx = 0} of the direct product G™ by kerc L, and to abbreviate the notation 
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we denote hy jj^ the normalized Haar measure on ker^L. For measurable functions 
/i, /2, • • • , /m : G C we define 



(Throughout the paper "measurable" refers to Borel measurability.) If each fi is the 
indicator 1^. of a measurable set Ai C T, then (II. ip becomes simply 5*^(^1, . . . , Am) = 
filial X ■ ■ ■ X Am n keicL). We refer to the latter quantity as the solution measure 
of the sets Ai. When A^ = A for all i G [m] = {1,2, .. . ,m}, we write Sl{A) for the 
solution measure. If the group G has to be specified to avoid confusion, we shall write 
fJ'L,G, Sl,g instead of fii, Sl- The main result, then, is the following. 

Theorem 1.2. Let L be anrxm matrix of integers, of full rank r. For any e > 0, there 
exists 6 = 6{L, e) > such that the following holds. If Ai, . . . , A^ are measurable subsets 
ofT such that Sl{Ai, . . . , Am) < S, then there are measurable sets Ei, . . . , Em C T with 
l-i'jiEi) < e for all z G [m], such that {Ai \ Ei) x ■ ■ ■ x {Am \ Em) D keij L = 

For completeness we prove also the following variant concerning sets with zero solution- 
measure, which has a much simpler proof. 

Proposition 1.3. Let L be an r x m matrix of integers, of full rank r, and suppose 
Ai, . . . , Am are measurable subsets ofT such that Sl{Ai, . . . , Am) = 0. Then there are 
null sets El,. . . , Em C T such that {Ai \ Ei) x ■ • ■ x {Am \ Em) n keri- L = We can 
take Ai \ Ei to be the set of Lebesgue density points of Ai. 

We now discuss briefly some consequences of these results. We say an integer matrix 
L is invariant if it satisfies LI = for the constant vector 1 = (1,1,..., 1). In this 
case the system Lx = is translation invariant in the sense that given any abelian 
group G, for any x = {xi, . . . ,Xm) ^ and t G G, we have Lx = if and only if 
L{xi + t, . . . ,Xm + t) = 0. In particular, for any t E G the element x = (t, . . . , t) is a 
solution of the system. Therefore, Proposition 11.31 implies that if L is invariant then 
any set A C T of positive measure has 5*^(^4) > 0. However, the latter positive quantity 
may depend on the set A. By contrast. Theorem 11.21 implies the following analogue of 
Szemeredi's theorem [131 Theorem 11.1] for translation-invariant systems on T. 

Theorem 1.4. Let L be an invariant r x m integer-matrix of full rankr. Then for any 
a > 0, there exists c = c{a, L) > such that for any measurable set A G T of measure 
at least a, we have Sl{A) > c. 

For instance, since arithmetic progressions of arbitrary fixed length are translation 
invariant, any subset of the circle of positive measure a contains a positive measure c 
of such progressions, where c depends on a but not on the particular subset. 

At the end of the paper we discuss another application of Theorem \1.2\ related to 
the role that groups such as the circle can play as limit objects for certain additive- 
combinatorial problems. 

The paper has the following outline. Our proof of Theorem 11.21 reduces the prob- 
lem to the discrete case, where one can appeal to Theorem 11.11 This involves first 
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approximating each set Ai by a simpler set that can be viewed as a subset A[ of a 
cychc group Zp for p a prime. This is done in Section |2j The relationship between the 
solution-measure of the approximating sets and the solution-counts on Zp of the sets A[ 
is captured in Lemma [2.51 This relationship is somewhat subtle, in that expressing the 
solution-measure in terms of the latter discrete solution-counts requires many different 
shifts of the set A[ x ■ ■ ■ x A'^^, each shift having a corresponding weight. We then 
require some control on these weights, which is obtained in Section [3] using a simple 
geometric characterization of kevf L and its measure /i^. The proof of Theorem 11.21 is 
then completed in Section HJ where we also deduce Theorem 11.41 and prove Proposition 
11.31 Finally we close with the above-mentioned application and some further remarks 
in Section [51 



2. A DISCRETE DECOMPOSITION OF THE SOLUTION MEASURE 



2.1. Approximating measurable sets. For any positive integer N, we refer to the 
partition T = |JxG[Af] ^ 1)/N,x/N) as the N -partition of T, and we say A G T 
is N -measurable if A is a union of intervals from the A^-partition. The aim in this 
subsection is to show that, for the proof of Theorem 11.21 the sets A^ can be assumed to 
be p-measurable for some large prime p. 

Lemma 2.1. Let L be an r x m matrix of integers, of full rank r, such that any 
r X (m — 1) submatrix of L also has rank r. Let 5 > and let Ci, . . . , Cm be measurable 
subsets ofT. Then for any large p & N, there exist p-measurable sets Ai dT such that 
lJij{Ci/\Ai) < 6/m for all i e [m], and \Sl{Ci, . . . , C„) - Sl{Ai, . . .,Am)\ < S. 

The submatrix condition in this lemma can be assumed without loss of generality 
when proving Theorem 11.21 Indeed, suppose that deleting column j from L yields a 
matrix L' of rank r — 1. Then for some non-zero vector v G Z'', we have v~^L' = 0. Since 
L has rank r, the jth entry of v'^ L must be a non-zero integer i. Now if x G x ■ ■ ■ x Am 
satisfies Lx = 0, then in T we have ixj = {v^ L) ■ x = ■ (Lx) = 0. Therefore we can 
delete all such solutions x by removing the finite set {a & Aj : ia = 0} from Aj, so 
Theorem 11.21 is clearly true for this system. 

To prove Lemma [2. II we use the following basic result, which will also be used later. 

Lemma 2.2. Let G be a locally compact abelian group with a Haar measure fi and 
let H be a closed subgroup of with a Haar measure such that the projection 
71 : H G, X ^ Xi is surjective. Then there is a constant c > such that for any 
functions fi,...,fm-G~^C with H/jHi^ < 1 for all j , we have 

fl{Xi)f2{x2) ■ ■ ■ fra{Xm) d/i/f(a;) < c\\fi\\L^. 

H 

If G, H are compact abelian groups and fie, k'-H CLf'^ their respective unique probability 
Haar measures, then we can take c = 1 . 

Proof The left side above is at most J^\fi{xi) \ dfinix) = f^lfi ° ^/^'//(a;). The 
map TT is a continuous surjective homomorphism from H to G, whence the measure 
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fifj o 7T~^ is a Haar measure on G, so by uniqueness there exists c > such that 
o TT^^ = c/iG, and c = 1 if Hg^I^h are both probabihty measures. It follows that 
/j^l/i o 7r(x)| d/iH(x) = c/g|/i(?/)| d/iG(?/) = c\\fi\\L^. □ 

Proof of Lemma \2. li First, by basic measure theory there is some large integer iV = 2" 
such that each Cj can be approximated within 6 /2m by an iV- measurable set i?,. Then, 
for any p large enough in terms of N, we can approximate each Bi by a p-measurable 
set Ai with fij{BiAAi) < 6 /2m, simply by taking Ai to be the union of the intervals in 
the p-partition of T that are contained in Bi. Thus fiT{CiAAi) < 6/m. 

Now, by the multilinearity of Sl, we have 
\Sl{Ci, . . . ,Grn) - Sl{Ai, . . . , A^)] < ^ \Sl{Iai,- ■ ■ , 1a,_i, Ic, - lAi, • • • , lc™)|, 

ie[m] 

and the assumption that every r x (m — 1) submatrix of L has rank r is easily seen to 
imply that each projection keri-L — )■ T, x i— )■ Xj is surjective, whence by Lemma [2.21 the 
ith summand above is at most \\lci — 1aJ|li(t) < fJ'T^CiAAi) < 6/m. □ 

2.2. The main formula. From now on, given a p-measurable set A G T, we denote 
by A' the subset of Zp defined by Ia'{x) = In order to apply Theorem II. we 

express Sl{A) in terms of solution measures in Zp involving A'. This is done in Lemma 
[23] below. 

For any positive integer p, let A = A{p) denote the discrete torus 1^ /p < , with 
elements denoted j /p = . . . ,j{m)/p), j G Z™. 

Definition 2.3. For any r x m integer matrix L and any positive integer p, we define 
J = J{L,p) = {j/p G A : U/p + [0, 1/pr) n kerx L) > 0}. 

The fact that J consists of 0^(1) shifts of Aflkeri- L is central to the whole argument. 

Lemma 2.4. For some Kl > depending only on L, for any p there exist elements 
Ji/P,j2/P, • • • , jx/p G JiL,p), K < Kl, such that J = UkelK] {jk/p+ (AflkerxL)). 

Proof, li j/p G J, then L{j/p) lies in — (i^([0, 1)™) fl Z*") /p mod 1. The latter finite 
set has size bounded in terms of L alone. Choosing ji/p, . . . jjx/p G J such that L 
is a bijection from {ji/p, . . . yjx/p} to L{J), we then have K = Ol(1), and the result 
follows since JCL-\L{J)) andL-i(L(jVp)) nA = jVp+(AnkerTL). □ 

We can now prove the main formula. 

Lemma 2.5. Let L be an r x m matrix of integers of full rank r, let p be a large prime, 
and let Ai, . . . , A^ be p-measurable subsets of T. Then there exist ji/p, . . . yjx/p ^ J, 
with K < Kl, such that 

SlAA,, ...,AJ=J2^k Sl,!., [a[ -j,{1),...,A'^- jfc(m)) , (2.1) 

k€[K] 

where Xt = p""-' I^L,j[{3k/p + [0, l/pD n kerx . 
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Proof. We have Slj{Ai, . . . , Am) equal to 

fiLiiAiX ■■■X AJnkeijL) = /iL((j7P+ [0,1/p)'") nkerxL). 

By the definition of the set J, this sum can be restricted directly to the shifts ji/p + 
kerx L, . . . ,jK/p + kerx L occurring in Lemma I2.4j since the subgroup A fl kerx L of T™' 
is clearly isomorphic to the subgroup ker^^ L of Z^, we see that Slj{Ai, . . . , Am) equals 

E E ((^'/P + [0, l/p)n n kerx l) 

ke[K] jeA[x---xA'^n(jk+kcvzp L) 

= E E /iL(((j+J.)/p+[0,l/pr)nkerxL). 

By invariance of hl under translation by j /p G kerx-L, this equals 

E E ^^L{{3k/p + [0, l/p)"^) n kerx L) , 

fcg[A'] je(A;x-xA'^-ifc)nkerzp L 

and ([21]) follows. □ 



3. A POSITIVE LOWER BOUND FOR THE WEIGHTS Afc 

For each j G Z™, let A(j) = (^(j/p + [0, l/p)"") H kerx ■ 

In order to use Lemma 12.5^ we require that the weights be bounded away from 0, 
uniformly over p. Such a bound is guaranteed by the following result. 

Lemma 3.1. Let L be an rxm matrix of integers of full rank r . Thenthere exists X* > 
depending only on L such that, for any large positive integer p, for any j/p G J{L,p), 
we have A(j) > A*. 

The proof relies on a compactness argument coupled with the geometric characteriza- 
tion of fiL given in Lemma 13.31 below. In what follows we always consider as the set 
[0, l)™ C with coordinate-wise addition modulo 1 (and with topology the quotient 
topology on R"*/Z'"). Then kerx L is the closed subgroup {x G [0, 1)"^ : Lx G Z^'} < T™. 
This subgroup is described more precisely by the following simple result. 

Lemma 3.2. Let xi, . . . , xm be a choice of points in [0, 1)*" such that the linear map L 
over M gives a bijection {xi : i G [M]} L{[0, 1)™') fl Z**. Then we have the partition 

kerxL= y ((x,+MkerMi:)n[0,l)"^). (3.1) 

Here we use to denote addition in (or more generally addition over M), to 
distinguish it from addition in T™, which we may denote by +x. We now use (13.1 p to 
relate the Haar measure /^l to the (m — r)-dimensional Lebesgue measure on ker^L, 
which we denote 
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Lemma 3.3. For any Borel set A C kerx-L, let A*^*) := An {xi +ir keiKL) for each 
i G [M]. Then there is a constant cl > such that ^LjiA) = cl —r Xi). 

Proof. Let G denote the group {x G : Lx G Z*"}. This is a closed subgroup of M*", 
and H := Z™ < G. Clearly we may identify ker-fi^ with G/H. Thus, in the notation 
from (13. ip . we have G = {L\i^[M]Xi+keTM. L)+Z™, so we may write G = \_\z(zz{^+^^^m. L), 
for some collection Z C IJil^j} + ^™ containing the Xj. It is then easy to verify that 
Haar measure on G must be a multiple of 

^,G{A):=J2f^L,R{A^'^-z), (3.2) 

zez 

where A^^^ = An (z + kerK L), by considering its restriction to kerig L. Endowing H with 
counting measure, by the quotient integral formula [2[ Thm 1.5.2] there is an invariant 
Radon measure fic/H 7^ on G/ H such that 

/ fd^G= ^ f{x +Kn)dfiG/H{x) (3.3) 

for any / G Li(G). By the uniqueness of Haar measure we have fiLj = cl^g/h for some 
constant > 0. Now, given a Borel subset A of kerx-L, the function / = 1^ on G is 
integrable, and the function X^nez™ /(^ + ^) "-"^ G/H is simply 1^, whence by fl3.3p we 
have iig/h{A) = J^^ Ia{x) ducix) and by (IS2D this is Y.ie[M] /^l,r(^^*^ - Xi). □ 

Lemma [3.11 follows immediately from the following result. 

Lemma 3.4. There exists a finite set A* of positive quantities, depending only on L, 
such that for all large positive integers p we have {A(j) : j G J{p, L)} C A*. 

Proof. First we show that there is a finite set U C kerx L, depending only on L, such 
that for any large p and j/p & J there exist v G Z'" and u & U such that 

A(j) = CL i^L,R {{u +R V +M [0, 1)"*) n kerM L) > 0, (3.4) 

where cl is the constant from Lemma [3.31 For p large enough depending only on L, by 
(13. ip the set {j/p + [0, l/p)"*) H kerx L lies entirely in +m keru L for some i G [M], so 

A(j) = p™->4(j7p+[0,l/p)™)nkerxL) 

= Cl p"'">l,r ( (j/p -R Xi +M [0, l/p)"") n keriR L) 

= Cl Hl,r{ U -rP^i +R 1)™) nkerKL), 

where j G Z™. Now let U = IJie[A/]{~P^i ^"^"^ 1 : p G N} C kerx This is a finite 
subset of kerx-L if we take the Xi to have rational coordinates (as we do). For any 
j/p G J, we then have j — k pXi = u +r v for some u E U and v G Z™, whence (13.40 
follows. 

Now, by translation invariance of fiL,R by elements of ker^ L, the measure in (13.40 
depends only on L{u + v). But if this measure is positive, then L{u + v) is contained 
in the finite set L {{J^^jjW + Z"*) fl — L ([0, 1)*"). Hence there are only finitely many 
possible values for the left-hand side of (13.40 . □ 
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4. Proofs of the main results 



Recall that whenever A is a p-measurable subset of T we denote by A' the corre- 
sponding subset of Zp defined by 1a'{x) = 1a{x/p). 

Proof of Theorem M.^ Given the matrix L, fix e > 0, let A* > be the lower bound 
given by Lemma I3.1[ and let Kl > be as defined in Lemma 12.41 Let 5' > be such 
that Theorem II . II holds with initial parameter e/2KL, and let 5 = min(5'A*, e)/2. Now 
let Ai cT, i E [m], be any Borel sets satisfying Sl{Ai, . . . , Am) < 6. Applying Lemma 
I2.H we can assume that the given sets Ai are p-measurable for some large prime p, up to 
an error of measure 6/m < e/2 for each set, and such that Sl{Ai, . . . , Am) < 25 < 6'X*. 
It follows from (12. ip and the lower bound > A* that for some K < and each 
k G [K], we have Sl^i^^A'^ — jkiX), • • • , A'^ — jkijn)) < 5', and so Theorem 11.11 gives us 
subsets -Efc.i, • • • , Ek,m of Zp of cardinality at most ep/2KL such that 

((A; \ - j,(l)) X ■ ■ ■ X ((A:„ \ E^^m) - 3k{m)) n ker^^ L = 0. (4.1) 

Now for each i G [m], define the p-measurable set Ei = [jf^^^j^-^{Ek,i/p + [0,l/p)), and 
note that ^ji^Ei) < e/2. Finally, for each i G [m] let Aj be the null set Zp/p in T. We 
now claim that 

Yl Ai\{EiUA,) n kerTri: = 0. 

ig[m] 

Suppose for a contradiction that this set is non-empty, containing some point x. Then 
by the p-measurability of the sets Ai \ Ei and the definition of Aj, letting j denote the 
point ( [p Xi\ , . . . ,[p Xm\ ) G Z^, we have 

n Ai \ {Ei U A,) D j/p + (0, 1/p)"^ 3 X. 

But then (j'/p + (0, 1/p)"^) fl ker^L is a non-empty open subset of keifL, so this set 
must have positive yU^^-measure, and so j/p G J. Then, by the covering of J in Lemma 
12. 4^ there exists k G [K] such that j G jk + ker^^ L, and so j — jk belongs to Yli ( {A[ \ 
E'i) - jk{i) ) n kerz^ L, contradicting (jH]). □ 

We can now quickly deduce Theorem 11.41 We say A C T is L-free if A'^dkeij L = 0. 



Proof of Theorem \1.4\ Let c be a positive value of 6 such that Theorem 11.21 holds with 
initial parameter e = a /2m. Suppose Sl{A) < c. Then by Theorem 11.21 there exists a 
measurable set E C A such that A\E is L-free and fir^E) < /^t(-Ei) + ■ ■ ■ + fij^Em) < 
a/2. Since for any a E A\E the constant element (a, . . . , a) G is in kerT L, we must 
have A\E = (/), and therefore fiji^A) = ^f{E) < a. □ 



While Theorem II .41 follows very easily from Theorem II. 2 ^ one can in fact simplify the 
overall argument somewhat if one is only interested in the former theorem — see the first 
remark in the next section. 
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Proof of Proposition For each i e [m] let Di denote the set of Lebesgue density 
points of Ai. Suppose for a contradiction that there exists some point x in Di x 
■■■ X Dm n kerfL, and fix e > 0. By the Lebesgue density theorem, there exists 
6 > such that, letting Q denote the cube centered on x and of side-length 6, we have 
HT^Di n TiiQ) > (1 — e)5 for all i (where VTj denotes projection to the zth component 
on T™). Now, by Lemma [3l2| and the characterization of Hlji setting Cj := fl -KiQ 
for each there exists a constant c^, > such that HiiCi x ■ ■ ■ x Cm H keij L) > 
CLS"'~''fiL,R{Bi X ■ ■ ■ X Bm H kei^ L) , where Bi C [—1/2, 1/2) is the dilation by 6^^ of 
the set Bl — Xj, when the latter is viewed as a subset of / := [—1/2, 1/2] C M. We claim 
that the large density of each Bi inside I implies fiL,R{Bi x ■ ■ ■ x Bm H ker^L) > 0, 
which gives a contradiction. Indeed, by multilinearity and Lemma 12.21 we have that 
lAiL,R(/'" n keriR L) - i^l,r{Bi x ■ ■ ■ x fl kerR L)\ is at most 

I / li?i(a;i) ■ ■ • lB,_i(a;i_i) {li-lB,){xi) l/(xi+i) ■ ■ ■ l/(x„) d/iL,M(x)| 

< c ^ ||1/ - 1bJ|li(]r) < erne. 

Setting e = /iL,R(-^™ H keriRL)/2cm yields the claim. Note that the measure here is 
strictly positive since I"^ fl keraL contains a non-empty open set. (In fact /iL,R(/™' H 
kerffiL) > 1 by Vaaler's theorem [E].) □ 

5. Remarks 

The precision of Lemma [53] is not required for a proof of Theorem ll.4l per se; one can 
do with a simpler inequality of the form Slj{Ai, . . . , Am) Sl,Zp{.A[, . . . , A'^). (If L 
is invariant one can also apply Vaaler's theorem to obtain the more precise inequality 
Sl,t{Ai, . . . , Am) > Sl,Zp{A[, . . . , A'^) for p-measurable sets Ai.) On the other hand, 
the non-trivial shifts of A'^ x ■ ■ ■ x A'^ that contribute to Sl{Ai, . . . ,Am) in Lemma 
12.51 need to be taken into account when removing solutions from Ai x ■ ■ ■ x Am as in 
Theorem 11.21 

As mentioned in the introduction. Theorem 11.21 can be used when studying T as a 
limit object or model for certain finite additive-combinatorial questions. A well-known 
question of this kind asks for the maximal density d^lTjp) of a subset of Zp not containing 
solutions to a given system Lx = 0. In pQ, the special case of Theorem 11.21 for a single 
equation was used to show that if L is a linear form with integer coefficients in at 
least 3 variables then ^^(Zp) converges to the natural analogue diiT) := sup{/iT(A) : 
A C T is L-free} as p — )■ oo through the primes. Theorem 11.21 enables us to extend 
this convergence result to so-called systems of complexity 1. A notion of complexity 
for systems of linear forms on finite abelian groups was introduced in the paper [4J, 
to which we refer the reader for more background on this topic. We use the following 
variant of this notion, specific to groups Zp and T. 

Definition 5.1. Let L be an r x m integer matrix. We say the system of equations 
Lx = {alternatively, the matrix L) has complexity k if k is the smallest integer such 
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that, for any e > 0, there exists 6 > with the following property: let G = T or Zp for 
any large prime p > po{L); then for any f,g : G ^ C with ||/||l^(g), llfi'lUooCG') both at 
most 1 and \\f - g\\uk+i{G) < ^, we have \SL,G{f) - SL,G{g)\ < e- 

Here the notation ||/||i7fc(G) refers to the kth Gowers uniformity norm, which is de- 
fined on Loo{G) for any compact abehan group G [3]. Using Theorem II ■2[ the main 
convergence result from [1\ can be extended as follows. 

Theorem 5.2. Let J-" be a finite family of full-rank integer-matrices of complexity 1, and 
let djr{Ijp) denote the maximal density of an T-free subset ofLp. Then djr(Zp) — >■ c?jf(T) 
as p — )■ oo over primes. 

Here djr{T) := sup{fij{A) : A C T is J-"- free}, where we say a measurable set A C T 
is J-'-free if A is L-free for every L E J^. Generalizing the argument in [T] to obtain 
Theorem 15.21 is not hard; we omit the details in this paper. 

Let us close with remarks regarding further generalizations of removal lemmas. Re- 
cently, Krai, Serra and Vena extended Theorem ll.ll to all finite abelian groups [7], and 
upon inspection Green's proof |S] for single equations can be seen to hold over arbi- 
trary compact abelian groups. Can Theorem 11.21 be generalized to all compact abelian 
groups? The desired generalization should hold with a function 6{L, e) independent of 
the group, so in particular 6 should not depend on the group's topological dimension. 
The argument in this paper, when applied with instead of T, gives a parameter S 
which decays to as n grows, so additional ideas are required. 
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